A four-dimensional symplectic (Hamiltonian) mapping of the type studied by Gaspard and Rice is used to model the predissociation of the van der Waals complex He-I,. Phase space structure and unimolecular decay in this mapping are analyzed in terms of a general approach recently developed by Wiggins. The two-dimensional area preserving map obtained by restricting the 4D map to the T-shaped subspace is studied first. Both the Davis-Gray theory and the analog of the alternative RRKM theory of Gray, Rice, and Davis for discrete maps are applied to estimate short-time decay rates. A four-state Markov model involving three intramolecular bottlenecks (cantori) is found to give a very accurate description of decay in the 2D map at short to medium times. The simplest version of the statistical Davis-Gray theory, in which only a single intermolecular dividing surface is considered, is then generalized to calculate the fragmentation rate in the full 4D map as the ratio of the volume of a fourdimensional turnstile lobe and a four-dimensional complex region enclosed by a multidimensional separatrix. Good agreement with exact numerical results is found at short times. The alternative RRKM theory is also applied, and is found to give a level of agreement with the Davis-Gray theory comparable to the 2D case. When the height of the barrier to internal rotation in the van der Waals potential is increased, however, it is found that volumeenclosing turnstile no longer exist in the 4D phase space, due to the occurrence of homoclinic tangency. The implications of this finding for transport theories in multimode systems are briefly discussed.
INTRODUCTION
There is continued interest in the possibility of nonstatistical behavior in elementary chemical processes. ' Much theoretical work has focused on understanding the conditions for applicability of conventional statistical approaches such as transition state theory,' RRKM theory,3 and phase space theory,4 which are widely used to predict and correlate the rates of chemical reactions. Many researchers have applied the concepts and methods of nonlinear dynamic? to develop a deeper understanding of the dynamical origin of nonstatistical behavior of molecules.6 The fundamental picture of phase space transport in terms of flux across partial barriers developed by MacKay, Meiss, and Percival,' Bensimon and Kadanoff,' and Channon and Lebowitz' has been particularly useful; such a picture makes rigorous the ofteninvoked concept of bottlenecks in molecular phase space. " It is well established that conventional RRKM theory overestimates the classical vibrational predissociation rate of weakly bound van der Waals complexes such as He-I, by at least an order of magnitude. " Davis and Gray" have however shown that accurate values for the unimolecular decay rate of a two-dimensional classical model of He-I, can be obtained from a statistical theory incorporating transport between a small number of phase space regions bounded by dynamically determined bottlenecks. Multiexponential behavior in rate curves on short to medium time scales can be successfully modeled, although power law decay typically found at long times" requires an infinite hierarchy of bottlenecks describing trapping around "sticky" islands. r3*i4 Statistical approaches in which it is assumed that randomization is rapid within phase space regions bounded by partial barriers therefore retain their utility even when the system is nonstatistical according to conventional criteria. Other applications of these ideas have been made in two-dimensional models for IVR in OCS, Is unimolecular decay of van der Waals complexes,16 isomerization,"*" and bimolecular reactions. i9,*0 A major outstanding problem is the extension of the methodology outlined above to systems with more than two degrees of freedom. Such an extension is of course essential for application to realistic models of polyatomic molecules, but there have been few attempts to date. In the so-called alternative RRKM theory of Gray, Rice, and Davis,'i the unimolecular decay rate is determined by Monte Carlo evaluation of the outgoing flux across an approximate phase space dividing surface. Although reasonably accurate values for the dissociation rate are obtained in this way for a twomode model of He-I,, results for a three-dimensional model incorporating the van der Waals bending mode were disappointing." Wozny and Gray defined an approximate separatrix for three-dimensional Ne-Cl2 by decomposing the problem into a family of effective two-mode Hamiltonians, and have presented evidence that trajectories are confined by this multidimensional separatrix." Tersigni and Rice have examined the robustness of cantori in a two-mode system under perturbation due to a third mode, and conclude that the golden mean cantorus remains a significant bottleneck in the full system.23 The possible importance of pairwise frequency incommensurabilities in multidimensional systems FL E. Gillilan and G. S. Ezra: Mappings for unimolecuiar fragmentation was also emphasized by Martens, Davis, and Ezraz4 (cf. also Ref. 25) .
The recent development of a formal theory of phase space transport in multidimensional systems by Wiggins26, 27 [reviewed below; for related recent work see also Refs. 28 and 29) provides a firm foundation for extension of the Davis-Gray theory to polyatomic systems. In the present paper we apply Wiggins' approach to a four-dimensional Hamiltonian (that is, symplectic') mapping representing the vibrational predissociation of the complex He-I, with both the van der Waals stretch and bending modes included (overall rotation is however excluded). Iteration of such mappings is computationally much more efficient than integration of continuous-time trajectories for investigation of phase-space structure. The four-dimensional Hamiltonian map provides a computationally tractable yet reasonably realistic example with which to investigate the generalization of the DavisGray approach to unimolecular decay in a multimode system.
This paper is organized as follows: In Sec. II we discuss general properties of Hamiltonian maps, and introduce the particular system treated here. Section III contains a discussion of phase space based theories of unimolecular decay. We first review the approach for two-mode systems developed by Davis and Gray. We then discuss the general approach to transport in multidimensional systems due to Wiggins, 26 which generalizes the turnstile-based theory of MacKay, Meiss, and Percival to higher dimensional systems. In Sec. IV, after preliminary study of a two-dimensional restriction of the four-dimensional map to the T-shape subspace, we examine the dissociative dynamics of the 4D van der Waals map from the standpoint of Wiggins' theory. We compare exact fragmentation rates with those obtained using a simple statistical approach which is the generalization of the DavisGray theory to multidimensional systems, in which only a single, intermolecular bottleneck is taken into account. The alternative RRKM theory is also applied to the 4D map. Interesting topological problems that arise in attempting to define turnstiles in higher dimensions are discussed. Section V concludes with a discussion of some points arising from the calculations of Sec. IV. The Appendix contains details of the algorithms for finding invariant manifolds in the multidimensional case.
II. HAMILTONIAN MAPPINGS FOR MOLECULAR FRAGMENTATION
The use of symplectic (Hamiltonian) mappings in the study of nonlinear classical dynamics has a long history.30-38 Symplectic mappings provide a computationally efficient means of exploring the long-time behavior and the fine details of phase-space structure for dynamical systems. The simplest such maps are area-preserving maps of the plane, which may be thought of as generated by the PoincarC surface of section for a two degree of freedom autonomous Hamiltonian system or a periodically forced one degree of freedom system.5 Many of the recent advances in understanding transport in Hamiltonian systems have come from the study of the area-preserving standard map. 7,30v40 Recently, Gaspard and Rice3' have studied Hamiltonian mappings that mimic the behavior of classical models for unimolecular dissociation of van der Waals molecules., They explored the phase space structure of both two-and four-dimensional maps and found behavior in reasonable accord with previous classical trajectories studies of van der Waals predissociation." Most notably, both 2D and 4D maps were found to exhibit multiply exponential decay on short to medium time scales, indicating the presence of both inter and intramolecular bottlenecks.3g In 2D maps, shorttime decay is known to be governed by an intermolecular bottleneck that divides directly scattered trajectories (those with only a single inner radial turning point) from those associated with complex formation. " Decay on longer time scales in 2D mappings can be modeled quite accurately by kinetic schemes invoking intramolecular bottlenecks associated with cantori,7 which are the remnants of invariant curves having particularly irrational winding numbers (cf. Sec. IV).4o On very long times scales, there is typically an invariant set of nonzero measure consisting of points in the quasiperiodic region that are bound for all time (in addition to the fractal repellor composed of all bound unstable periodic and aperiodic orbits ) .39 Trapping near the sticky boundaries of the quasiperiodic region leads to power law decay of population at very long times. l2 The effects of resonances on the measure of the invariant set in the 2D map were also studied by Gaspart and Rice.3g One major difference between the 2D and 4D cases noted by Gaspart and Rice was the existence of a quasi-invariant set for the latter; that is, although the invariant set is apparently of zero measure for the 4D case, there exists a quasi-invariant set of nonzero measure that persists for very long times. Due to the existence of the quasi-invariant set, the decay at long times (presumably governed by Arnold diffusions727~41 ) is not well characterized.3g
In the present paper the computational convenience of Hamiltonian mappings is exploited to investigate in detail the dissociation kinetics and phase space structure in a 4D symplectic map modeling the well-studied van der Waals complex He-I,.
A. General properties of Hamiltonian mappings
There is a close relation between continuous-time trajectory evolution and discrete Hamiltonian (symplectic) mappings. For a continuous-time, autonomous system with N degrees of freedom, the Poincarh surface of section of the (2N -1 )-dimensional constant energy hypersurface in phase space defines a mapping of a (2N -2)-dimensional slice of the space onto itself.s*27 A three degree of freedom continuous-time system can therefore in principle be reduced to a four-dimensional surface of section mapping. Because the mapping is the result of Hamiltonian time evolution, it is a member of the special class of symplectic transformations.5.42 Symplectic transformations preserve phase space volume (Liouville's theorem) as well as a set of lower-dimensional invariants.5*42
Although the symplectic mapping associated with a given continuous-time evolution cannot in general be obtained explicitly, a periodically kicked integrable system is an exceptional case. Consider a free particle moving in one dimen- 4 dp
Newton's equations of motion expressed in finite difference form yield the Verlet algorithm"3 for the positions at time t + At in terms of those at times t and t -At: 59 and rearranging yields the Hamiltonian form of the Verlet algorithm (the leapfrog algorithm), 69 which is equivalent to the multidimensional version of Eq. (2.2) with Ts At. For small T, the Hamiltonian mapping is therefore a (third-order) symplectic trajectory integrator.44 There are then two interpretations one can give to a particular 2Ndimensional symplectic mapping: first, as the Poincare return map for a periodically driven N degree of freedom (such a system is often referred to as an N + 1 degree of freedom system); second, as an N degree of freedom symplectic trajectory integrator.44 The first interpretation is used here.
B. Hamiltonian map for He+
The Hamiltonian
The classical Hamiltonian for planar He-I, is (2.7) Here, ,u is the reduced mass of I,, m is the &-He reduced mass, 1is the rotational constant of the I, molecule, s is the I, bond length, Y the distance from the He atom to the I2 center of mass, y the angle between the diatom axis and the He to I, vector, andp,, p,, andp, the respective conjugate momenta. I is the orbital angular momentum (J -p,, ), withJ the total angular momentum for rotation in the plane. V(s,r,y) is the potential energy. Before converting the continuous-time Hamiltonian Eq. (2.7) into a map, we invoke the classical centrifugal sudden (CCS) approximation;45 that is, we take I to be constant. Mulloney and Schatz" have found the CCS approximation to be quite accurate for calculation of rotationally inelastic cross sections for He/I, collisions. The CCS approximation is convenient for our purposes as it leads to an explicit symplectic map. When running trajectories the value of 1 is usually taken to be fixed by the initial conditions.45 For simplicitly, we take I = 0 (zero impact parameter), so that the Hamiltonian is Now consider the model nonautonomous Hamiltonian corresponding to a free particle (He) plus free rotor (I,) described within the zero impact parameter CCS approximation periodically kicked by a potential V( r, y) :
(2.9) n =o, * I....
Integrating over one period T, we obtain a symplectic map acting in the four-dimensional space (pr,p,,,r,y The potential V(r,y) is the full three-dimensional potential evaluated with the IZ bond length s fixed at its value at the kick (for example, at equilibrium). A mapping of this type was studied by Gaspard and Rice.39 In addition to the obvious periodicity in the angle y, the phase space (p,,pY,r,y) is also periodic in the rotor angular momentum p,,, so that the (y,p, 9 subspace is a 2 torus (cf. the usual standard map3' 9. The period Ap, is given by TA&, r where the absence of a factor of 2 on the right-hand side of Eq. (2.11) is due to the potential V being periodic in y with period r, rather than 27r. For T = 8000, the p,, period is 1485.27 a.u.
By symmetry, the map (2.10) has two-dimensional invariant subspaces corresponding to y = + z-/2 or y = 0, v with P,, = 0. In these invariant subspaces, the four-dimensional map acts as an area-preserving map in the two-dimensional subspace (r,p, 1: p,-tp: =pr -T$, r-tr+ fPi.
(2.12)
The kicking period Tshould in principle equal the vibrational period of the I, molecule in its initial vibrational state. In practice, we find it necessary to use T values smaller than the I2 vibrational period in order to obtain dynamics qualitatively similar to the continuous-time case. The reason is that the free motion between kicks allows the helium atom to penetrate more closely into regions of high potential during one period than it is able to do in the continuous-time system at physically relevant energies. Those He atoms that have penetrated near the repulsive core of the potential subsequently receive very hard kicks, with the result that the overall dynamics is more chaotic than the corresponding continuous-time system. To the extent that the dissociation dynamics of the driven system Eq. (2.9) are similar to those of the full Hamiltonian (2.7), the resulting 4D symplectic map is a useful tool for the study of van der Waals predissociation. Irrespective of its ability to quantitatively reproduce the results of trajectory calculations, the driven system (2.9 9 provides a computationally tractable way to study the phase space structure of three degree of freedom systems undergoing dissociation.
3. The po ten tia/ We use a simple form of the type proposed by Gaspard and Rice,39 consisting of a Morse-type potential in the r coordinate with a y-dependent repulsive portion:
(2.13) This potential has the very useful property that the asymptotic (r,p,.) motion (r--t M) ) is independent of y. The important parameter Q (O<a: < 1) couples the van der Waals bending ( y) and stretching (r) motions, and determines the barrier height for integral rotation. Potential parameters are chosen so that Eq. (2.13) approximates the more accurate potential function V(s,r,y) given by a sum of Morse pair potentials with s = s, . 46 Experimentally, the He-I, complex is prepared with the Iz subunit in a vibrationally excited state on the B 3110: excited electronic surface.47 The vibrational period of the I, is approximately 10 986 atomic units for u = 0 (harmonic frequency; for other u values see Table I ),48 and we study the mapping with T values ranging from 8000 to 12 000. A value T = 8000 results in a phase space resembling that of continuous-time studies for u = 20. The potential parameters (D,@, r, ) are chosen so that the equilibrium, position and well depth and the height of the barrier to internal rotation Table I . For reasons explained below, we shall mainly report results for a value of the barrier height B = 4.0 X 10 e--s (au.), which is about half of the physical value. Figure 1 is a contour plot of the model potential V(r,y). The potential profile along y = q/2 is Morse-like in appearance. and the relative translation of the helium atom. As T-+0, the phase portrait of Fig. 3 becomes identical to the integrable phase space of Fig. 2 is a smooth curve enclosing all bound trajectories (Fig. 2) . The phase portrait for the 2D mapping (2.12), -with y=n-/2,p,=O, T==8000,andB=4~10-" stronglyresembles surface of section plots for T-shaped He-I," (Fig.  3) . The separatrix is no longer a smooth curve. Instead, the stable and unstable manifolds of the fixed point at infinity (r = 00, pr = 0), which are the oscillatory curves plotted in Fig. 3 , intersect transversely at so-called homoclinic points." The resulting homoclinic oscillations are a manifestation of energy transfer between the I, vibrational mode 2652 R. E. Gillilan and G. S. Ezra: Mappings for unimolecular fragmentation
The separatrix, which is formed by taking the union of segments of the stable and unstable manifolds, is a surface of no return. That is, it defines an exact transition state for fragmentation; once a trajectory crosses the separatrix from the inside to the outside, it cannot return. Phase points cross the separatdx through the turnstile, which is the region of phase space mediating transport across the separatrix. separatrix. The turnstile consists of two (in general, an even number) of lobes, each containing points that cross in/out of the complex region on the next iteration of the mapping. Exact region-to-region dynamics .on the surface of section may be formulated in terms of the intersections of pre/post images of lobes (see Refs. 50 and 5 1) .
In practice, simple statistical approximations for the unimolecular decay rate are found to be quite accurate. Letp be the probability of escape per iteration of the map, A (L) the area of the outgoing lobe on the surface of section, and let ii(S) denote the area of the complex region enclosed by the separatrix, excluding those phase points in the invariant set (e.g., trapped forever on invariant tori). The simplest statistical approximation top is then A(L) p=r4(s)* '(3.3) This approximation assumes rapid randomization of phase points in the stochastic region 5' in a single iteration of the map. The unimolecular decay constant is kuni = -+ln
(1 -p)+. The randomization assumption implies the loss of a constant fraction of complexes per iteration of the map, i.e., exponential decay. Such exponential decay is found numerically on short to intermediate time scales, even in the presence of significant regular (quasiperiodic) regions of phase space. l1
Davis and Gray obtained improved results by solving kinetic schemes taking into account intramolecular bottlenecks, associated with cantori (see next section). The intramolecular bottlenecks introduce additional time scales into the description of the dissociation kinetics, and phase points trapped inside such bottlenecks are responsible for slow decay at longer times. Multi.state models incorporating one or two important intramolecular bottlenecks were found to give accurate results for unimolecular decay of He-I,. *I The statistical theory based on dynamically calculated turnstiles has also been applied to . l6 In the so-called alternative RRKM approach,2' flux is calculated across an approximate phase space dividing surface based on a zeroth-order separatrix. The surface corresponds to the condition that the zeroth-order Hamiltonian for the dissociative mode be zero [see Eq. ( 3.2) ] . The alternative RRKM theory was applied both to T-shaped He-I, and to a three-mode model including the van der Waals bend. Although results are much better than the conventional RRKM approach, significant discrepancies between the theoretical and numerical simulation results still remain, especiaily for the 3D case. It-is therefore important to generalize the Davis-Gray approach using dynamically defined separatrices to systems with more than two degrees of freedom.
B. Generalization to many degrees of freedom
It is well known that, for systems with N>3 degrees of freedom, N-dimensional invariant tori cannot divide the (2N -1 )-dimensional energy shell into disjoint regions.S,41 This fact, which leads to the possibility of Arnold diffusion in multimode systems,41 appears to be a serious impediment to the development of a general theory of transport in multidimensional phase space based on partial barriers. For example, patching up the holes in the multidimensional analog of a cantoruss in an N degree of freedom system would define an N-dimensional object, which has too small a dimensionality to be a barrier to transport. Several numerical investigations, however, have indicated the presence of bottlenecks to energy transfer in three-mode systems. Pfeifer and Brickmann, for example, observed long-term confine: ment of trajectories in the chaotic regime of a polynomial potential. s4 Carter and Brumer" and Wagner and Davis56 observed slow relaxation in a model for OCS. Martens, Davis, and Ezra subsequently studied the dynamics of OCS in the frequency domain, and found evidence for trapping inside resonance channels and in the vicinity of periodic orbits.24 In addition, certain irrational pairwise frequency ratios, important in the vibrational dynamics of collinear OCS,". appear to be associated with trapping in 3D OCS.24 Tersigni, Gaspard, and Rice have also noted the importance of pairwise frequency ratios in the multidimensional dynamics 25 a
To facilitate generalization of the Davis-Gray approach, we extract the formal essentials of the two degree of freedom continuous-time problem. Our treatment here owes much to the paper of Wiggins26 (cf. also the work of Easton and McGehee" ) . The abstract concepts introduced in this subsection are illustrated for the 4D van der Waals Hamiltonian mapping in the next section.
For two degrees of freedom, the phase space is fourdimensional, and the energy shell is three-dimensional. A microcanonical transition-state dividing surface must divide the energy shell into disjoint regions, and so must be twodimensional. Such a surface is said to be codimension one, being of dimension one less than the space in which it is embedded (the energy shell in this case). How may such a surface be obtained in general?
Consider an unstable periodic orbit, denoted .&. A periodic orbit is one-dimensional, or codimension two in the energy shell. An unstable (hyperbolic) periodic orbit has twodimensional (codimension one) stable and unstable manifolds W"'(d), consisting of all points that tend asymptotically to JZ in forward (stable) or reverse (unstable) time. In a nonintegrable system, such as a typical molecular Hamiltonian, the two-dimensional stable and unstable manifolds of the periodic orbit intersect transversely (that is, the stable and unstable manifolds do not join smoothly) ." The intersection set WS(&>f7 W"(J) consists of all points that are asymptotic to 4 in both forward and reverse time, and is therefore composed of homoclinic trajectories."7 Each homoclinic trajectory is 2 + 2 -3 = 1 dimensional.
[The stable and unstable manifolds of two distinct periodic orbits J and J?' intersect in so-called heteroclinic orbits.)
If the continuous-time two degree of freedom system is reduced to an area preserving map R by examining intersections of trajectories on a particular energy shell with a Poincare surface of section Z;, a period-one (ass,umed without loss of generality) periodic orbit & becomes a jixed point JZ, = JnZ of R (provided the periodic orbit intersects X). The manifolds VU(,@) intersect B in one-dimensional sets WF(J") nB. If the stable and unstable manifolds intersect transversely, they must intersect on the surface of section at an infinite number of homoclinic points corresponding to the, successive intersections of homoclinic trajectories with Z (cf. Fig. 4 ).
knowledge, there are in fact no algorithms available for the computation of arbitrary NHIMs. In many systems, however, such invariant manifolds may be found by symmetry.
An important example is a three-mode system with a saddle, i.e., potential barrier. At the saddle, let there be two stable and one unstable directions, let the potential by symmetric in the unstable coordinate, q,, and let the kinetic energy be a diagonal quadratic form with constant coefficients. The system then has an NHIM &", which is the symmetry determined invariant subspace:
It is essential to note that, in the area preserving case, if the stable and unstable manifolds intersect transversely, then Fig. 4 shows the only possible way (apart from the exceptional case of homoclinic tangency) in which they may do so. As we shall see below, the topological possibilities in the multidimensional case are much richer and far from being fully understood.
,&'a therefore has the topology of the phase space of a two degree of freedom system with energy E. If the Hamiltonian for the (ql = O,p, = 0) subspace corresponds to bound motion of two coupled oscillators, ,K" is an invariant 3-sphere Y3.28.2v Such a surface will survive arbitrary, nonsymmetric perturbation of theHamiltonian.27s58 According to Wiggins, codimension two NHIMs in N degree of freedom systems are in general 2N -3 spheres.16 Segments of the stable and unstable manifolds emanating from a fixed point at infinity A; and meeting.at a given (primary" ) homoclinic point define the boundary or separatrix enclosing the complex region in phase space. On the full energy shell the corresponding pieces of W' and W" from the two-dimensional (codimension one) boundary of the three-dimensional complex region. In the case of van der Waals predissociation, the periodic orbit dm is not hyperbolic but is a marginally stable orbit at infinity (that is, both eigenvalues of the linearization of the map about the periodic orbit at infinity are unity). There is however no essential difference as far as our present application of the theory is concerned.
If the Hamiltonian restricted to .JO is integrable, then Jo consists of a one-parameter family of 2 tori. Such an object was recognized as the appropriate analog of an unstable periodic orbit in higher dimensions by Pollak and Pechukas5'-(cf. also Refs. 60-62). Families of so-called reduceddimensionality tori have recently been postulated as dynamically important components of the phase space in the interpretation of the SEP spectrum of Na3.h3
Consider the separatrix consisting of segments of Wg (J) and WS, (&) that intersect at a homoclinic point (which is a so-called primary intersection point or pip" > as shown in Fig. 4 . Iteration under the area-preserving map R then generates two (in general, an even number of). lobes, also shown in Fig. 4 . In the two lobe case, there are two distinct homoclinic points at the intersection of the pieces of W" and W" defining the boundaries of the lobes, corresponding to two distinct homoclinic trajectories in the continuous time system.
In the continuous three-mode van der Waals case, there exists an invariant 3D manifold A" consisting of all points with r = ~13, p, z 0. At constant total energy E, this manifold is parametrized by the rotor angular momentump,, the rotor orientation y, and the vibrational phase angle 19,. The manifold ..&" is not normally hyperbolic, but is marginally stable (just as the periodic orbit at infinity in the two-mode case is not hyperbolic). Nevertheless, the theory carries through in any case.
It is natural to conjecture that in multidimensional systems there exist codimension-two NHIMs associated with all single resonance conditions of the form To generalize this picture, consider first the continuous time case. In A$3 degree of freedom systems, the natural generalization of an unstable periodic orbit is a codimensiontwo normally hyperbolic invariant manifold (NHIM), denoted J.26*27958 For N = 3, the manifolds J are 5 -2 = 3-dimensional invariant manifolds. The property of normal hyperbolicity means that expansion and contraction rates normal to the manifold ,& under the flow linearized about J dominate those tangent to ...&.27 An important question in dynamics concerns the persistence of invariant sets under perturbations. The fundamental theorem on NHIMs ensures that normally hyperbolic invariant manifolds, if they exist in a system, survive arbitrary perturbation (that is, they are srructurally stable) . 58 We shall assume that such objects exist (although finding them may be difficultl). To our m-o =0, (3.6) where m is an &dimensional vector of integers, not all zero.
[This conjecture has recently been proved by S. Wiggins (private communication).] Moreover, it is plausible that these surfaces may be determined by a variational principle, by analogy with periodic orbits in two degree of freedom systems.
A further consequence of normal hyperbolicity is that NHIMs ,# have stable and unstable manifolds that are themselves structurally stable.'* Let the stable (unstable) manifolds of&? be denoted W" '"'(A') ;
Ws ("'(.A') consist of all points that tend asymptotically to ..&' in forward (stable) or reverse (unstable) time. These manifolds are codimension one, that is, they are of dimension one less than the energy she11.26 For example, in the case of a three-mode system with a potential barrier, the stable and unstable manifolds ofJo are 4D manifolds with topology y3 X R I. These manifolds have been called cylinder man$olds by Ozorio de Almeida et a1. 64 The three-dimensional invariant manifold at infinity .J'" in the three-mode van der Waals system, although not normally hyperbolic, nevertheless has four-dimensional stable and unstable manifolds consisting of all points for which pI -+O as Y-, 00 in forward or reverse time. Computation of points on the stable and unstable manifolds is discussed in the next section,
In multimode systems, the stable and unstable manifolds of a particular NHIM & may enclose a region of phase space in a way analogous to that for two degrees of freedom. That is, segments of WS(A) and W'(A) may form a boundary such that any point entering or leaving the enclosed region must do so by entering the multidimensional analog of a turnstile. For two degrees of freedom, if the stable and unstable manifolds intersect transversely, then they must enclose a region of phase space in the above-mentioned sense. This is not necessarily the case for multidimensional systems, however, as seen below.
Successive intersections of trajectories on the energy shell in N degree of freedom autonomous systems with a surface of section Z generate a (2N -2) -dimensional symplectic mapping. For N= 3 the surface of section is four dimensional, and the four-dimensional symplectic map introduced in the previous section is a very convenient substitute for the computationally intensive calculation of the surfaces of section for a three-mode system. The intersection of codimension-two NHIMs & with S is, in general, a (2N -4) -dimensional invariant manifold &ZZ. The stable and unstable manifolds WS"(A) 
nx. These have dimension one less than the (2iV-2)-dimension surface of section, and so may serve as components of the boundary between regions of phase space defined in the surface of section. For N = 3, then, JZ is 2D with 3D stable and unstable manifolds WY(A).
WS, and Wg will in general intersect transversely.
In the multidimensional case, the analog of the homoclinic point in the surface of section is a (2N -3) + (XV--3) -(2N-2) * (2N--4)-dimensional transverse homoclinic manifold. 26 The analog of a primary intersection manifold is 2D, and consists of a two-parameter family of points biasymptotic to &'. By straightforward generalization of the two degree of freedom case, one might anticipate the existence of two distinct two-dimensional primary intersection manifolds, corresponding to the pair of distinct primary homoclinic points. The primary intersection manifolds, each consisting of points that map asymptotically in both forward and reverse time onto AX, are moreover expected to be continuously deformable into (homotopic to) -4, .26 This expectation is confirmed for certain parameter regimes in the 4.D van der Waals map as discussed in the next section. For other parameter regimes, however, the intersection manifold does not have such a simple structure.
In the case that there are two distinct primary intersection manifolds homotopic to JZ, the definitions of lobes and turnstiles can be carried over directly to describe transport in the multidimensional case. That is, segments of W'(AT)~ and W"(A).
meeting at a primary intersection manifold enclose the complex region of phase space. Iteration of the map leads to the formation of two or more lobes comprising the turnstile. Each lobe is bounded by segments of W"(V&)z and W"(k)= meeting at transverse homoclinic manifolds. Phase points enter or leave the complex region only by mapping into the appropriate lobe. If the volumes of the escaping lobe, the complex region and the invariant set can be calculated, a simple statistical estimate of the escape rate can be made following Davis and Gray (see next section). Ifthesegmentsof WS(.M)x and W'(A), do not enclose a region of phase space, however, it is not obvious how to develop a turnstile-based theory of transport.
IV. PHASE SPACE STRUCTURE AND DYNAMICS OF THE VAN DER WAALS MAP
In this section we study the phase space structure and unimolecular fragmentation dynamics of the 4D symplectic map for the van der Waals molecule He-I, described in Sec. II. We first consider the dissociation of points confined to the 2D invariant subspace py = 0, y = r/2. We apply the statistical theory of Davis and Gray*' to this case, and show that, for physically relevant parameter values, a multistate model based on one intermolecular bottleneck (the separatrix) and a small number of intramolecular bottlenecks (defined by periodic orbit approximants to cantori ) gives an accurate description of the decay kinetics at short to medium times. The analog of the alternative RRKM theory'!.' for discrete maps is also applied, and found to give reasonably accurate predictions for short-time decay rates.
We then turn to the 4D map. The general concepts introduced in the previous section are illustrated by application to the particular case of the 4D van der Waals map for He-I,. A method for computation of points on invariant manifolds in the 4D phase space is discussed (cf. also the Appendix), and sections through the multidimensional manifolds examined to confirm the existence of higher dimensional analogs of turnstiles. The generalized DavisGray statistical theory for unimolecular decay is then applied. A kinetic scheme incorporating a single intermolecular bottleneck (reactive separatrix) is used to predict the short-time decay rate, and compared with both numerical simulation results and the alternative RRKM theory for maps.
The existence of multidimensional turnstiles is central to the extension of the MacKay, Meiss, and Percival' theory of phase space transport to systems with many degrees of freedom proposed by Wiggins26 and applied in the present paper to the 4D van der Waals map. An important observation made here is that turnstiles may fail to form in the 4D van der Waals map, even in physically relevant parameter regimes. The reasons for this failure (which was predicted by Wiggins'" and also noted by us in a study for coupled standard maps"' ) and its implications for generalization of the Gray-Davis theory to multimode molecules are briefly discussed.
A. Two-dimensional mapping Consider the invariant subspace of the 4D van der Waals mapping defined by the condition p,, = 0, y = n-/2. The 2D map obtained by the action of the full 4D map in this invariant subspace describes a periodically kicked van der Waals stretch mode [cf. Eq. (2.12) ] in the T-shaped configuration (bending angle fixed at y = r/2).
I. Fragmentation dynamics
A phase portrait for the 2D map with T = 8000 is shown in Fig. 3 . To study dissociation rates, ensembles of initial conditions (r,p, ) were chosen in three different ways. First, a quasiclassical distribution6" corresponding to the ground vibrational state of the I,-He van der Waals bond was used, where the harmonic approximation was made for the bond potential V(r,y = r/2). The resulting ensemble of points lies completely within the reactive separatrix dividing surface. Second, a Wigner distribution66 corresponding to the ground vibrational wave function for the van der Waals bond was used, again making a harmonic approximation for the potential. The Wigner function for the harmonic oscillator ground state is a Gaussian distribution in both P and pr, and there is therefore a small probability that points in the initial ensemble lie outside the reactive separatrix. Third, a uniform distribution of (r,p, ) points was chosen, subject to the constraint that H,(r,p,) be less than -e, where e/W= 0.37. The constraint ensures that no points in the ensemble are initially outside the separatrix. Each ensemble contains at least 1000 points, up to a maximum of 20 000 points for those values of T for which decay is most rapid. A trajectory is defined to have dissociated if r > 20 a.u. and the van der Waals bond energy H, ( y = r/2) is greater than zero. The lifetime is then the time (number of iterations times T) up to the last inner turning point before dissociation, i.e., the point at which the final change of sign of p, occurs. Let N(0) be the number ofpoints in the ensemble, let N(n) be the number of points remaining undissociated after 12 iterations, and let N( nJ) be the number of points remaining after a large number of iterations nf (corresponding to the fixed time T, = lo7 a.u.). The ratio N(n/)/N(O) is approximately the fraction of the initial ensemble in the invariant set; N( n/> is nonzero when the phase space consists of a typical mix of chaotic and quasiperiodic regions, in which case the invariant set is of nonzero measure. As discussed in Sec. II, the simplest version of the statistical theory of Davis and Gray for the unimolecular decay rate gives ' ' N(n) 
1) wherep is the probability of escape per iteration of the map, and is the ratio of the area of the turnstile lobe [A(L) ] to the area of the complex region minus the area of the invariant set [A (S) 1. The separatrix and associated lobe for T = 8000 are shown in Fig. 3 . Points (r,p,> on the stable and unstable manifolds of the fixed point at infinity (Am) are obtained by noting that, for r--t CO, they satisfy'i*39 Figure 5 shows decay curves for two of the three different ensembles of initial conditions (results for the Wigner ensemble are similar to those for the constrained uniform ensemble, and are not shown) for four T values. At short times (up to about 150 iterations, ignoring initial transients), the decay curves are linear and can be fit to yield short time decay rate constants. Our results show a pronounced ensemble dependence of the short-time decay rate. The quasiclassical ensemble decay is markedly slower than either the uniform or Wigner ensembles for all T values, and is on a time scale characteristic of the longer time decay of pr = f 2(m&-~"-~"')'/2 (4.2) Points seeded in this fashion are iterated backwards (p, > 0) or forwards (p, ~0) in time to form the stable or unstable manifolds, respectively. 3g The areas of the lobe and the complex region are found by numerical quadrature.
The short-time decay curves corresponding to the Davis-Gray prediction are plotted in Fig. 5 . The plots show that the short-time decay rates for the constrained uniform ensemble are predicted quite accurately by a statistical theory with a single intermolecular bottleneck. Numerically determined short-time decay rates are compared with those of the statistical theory in Table II . The overall level of agreement between the simplest Davis-Gray theory for the short- -10' atomic units. bShort-time escape probability per iteration for constrained uniform ensemble with H,< -6.0X 10w5.
'Short-time escape probability per iteration for ground state harmonic Wigner ensemble. dShort-time escape probability per iteration for ground state quasiclassical ensemble. 'Probability of escape per iteration calculated using Davis-Gray statistical theory with a single (intermolecular) bottleneck. 'Probability of escape per iteration calculated using alternative RRKM theory for discrete maps.
time decay rate and the numerical results for the uniform and Wigner ensembles is good. As noted above, decay rates for the quasiclassical ensemble are markedly lower than those for either the uniform or Wigner ensembles. For all values of T, a significant fraction of points in the quasiclassical ensemble corresponding to the van der Waals stretch ground state is located either in the central invariant region or close to the boundary of the quasiperiodic region. Decay of the quasiclassical ensemble is therefore governed by the flux through intra-rather than intermolecular bottlenecks (see below).
There is a noticeable discrepancy between the numerical and statistical values of the short-time decay rate for the uniform ensemble at T = :l 1000. The reason for this apparent anomaly is discussed in more detail below.
Whereas good agreement between the Davis-Gray statistical theory and numerical simulation is obtained using a dynamically determined separatrix and turnstile, it is also of interest to apply the analog of the alternative RRKM approach of Gray, Rice, and Davis" to dissociation in the 2D map, where transport through an approximate separatrix is used to define the rate. The zero-order separatrix is defined by the condition H, (r,p,) = Cl (cf. Ref. 2 1 ) , and the resulting phase curve is shown in Fig. 6 . To determine the transport through the approximate separatrix per iteration of the map, the zero-energy curve is iterated once (Fig. 6) . Since the zero-order separatrix is not an invariant curve, its iterate intersects the original curve at isolated points, producing a set of five lobes containing points that cross in or out of the approximate separatrix. The outward flux of phase points is then given by the total area of the two lobes that lie outside the zero-energy curve (as the map is area preserving, the outgoing area is equal to the in-going area, leading to zero net flux). Note that the outward flux through the approximate separatrix is not localized in a single lobe as it is for the dynamically determined separatrix. In the alternative RRKM theory it is assumed that all points passing out of the approximate separatrix proceed to dissociate without recrossing the intermolecular dividing surface, so that the probability of escape per iteration is A,(L)
where A,(L) and A,(S) are analogous to the quantities A (L) and A (S), but are defined for the zero-order separatrix. We have calculated A,(L) and A,(S) for a number of T values, and the resulting values of p. are shown in Table II . Agreement with the numerical results and the Davis-Gray statistical theory is reasonable, within a factor of 2-5. The ratios of the alternative RRKM and Davis-Gray statistical escape probabilities as a function of Tare plotted in Fig. 7 .
We now return to the discrepancy between the statistical short-time rate and the numerical dissociation rate noted above for the case T = 11 000. Consider the stability of the central fixed point of Eq. (2.12), Y = rmi,, , p, = 0. Diagonalization of the Jacobian of the mapping Eq. (2.12) at the central fixed point yields a pair of eigenvalues that determine the 0 linear stability character of the tied point. For T< 15 000, the eigenvalues lie on the unit circle in the complex plane, indicating that the fixed point is stable. Very close to LO T = 11 000, the eigenvalues pass through f i, which is just ati the condition for a 4:1 resonance.39 As noted by Gaspard and Rice,39 the area of the invariant (quasiperiodic) region 9 decreases markedly at resonance. At T = 12 000, the system 7 is no longer resonant, the area of the invariant region increases and the short-time rate decay rate increases. Al-9 C-J though there is a significant decrease in the area of the quasiperiodic region at resonance, leading to a larger denominator in the rate expression of Eq. (3.3), the statistical rates do not show a dip at T = 11 000. The slow decay rate at T = 11 000 is most likely due to the influence of intramolecular bottlenecks responsible for trapping of phase points in the vicinity of the 4:1 resonance; further study of the effect of resonances on the decay rate is in progress.6s To describe the decay at longer times, it is necessary to develop a kinetic model including intramolecular bottlenecks. Following Davis and Gray," we associate the intramolecular bottlenecks with cantori 7*40 corresponding to particular irrational winding numbers (essentially the ratio of the van der Waals bond vibration frequency to that of the I2 bond). Recall that invariant curves of area-preserving maps are smooth and continuous only up to a certain value of the strength of the nonintegrable perturbation (which is is general different for each invariant curve), after which they break up, becoming invariant cantor sets (cantori) with an infinite number of holes.40 Nevertheless, as found by MacKay, Meiss, and Percival,7 the cantori, although no longer able to act as absolute barriers to transport, may continue to restrict the flow of phase points and so act as partial barriers. It is found empirically that cantori corresponding to certain special frequency ratios are the most effective partial barriers (that is, correspond to local minima of the flux) .7 These so-called nobZe frequency ratios are irrational numbers that are the most poorly approximated by rationals,7 having continued fraction expansions" turnstile lobe (alternatively, the flux is given by the difference in actions of the two orbits homoclinic to the associated unstable periodic orbit with the given rational winding number.7Z52 ) Partial barriers defined in this way enclose regions of phase space, as shown in Fig. 8 , and the statistical probability of passing from region i to regionj in one iteration of the map is then
where A (L, ) is the area of the lobe L, mediating transport from region i to regionj,50 and A (Si ) is the phase volume (excluding the invariant set) of region i. As shown by Davis" and Davis and Gray," such ifitramolecular bottlenecks may be used to make accurate statistical models of IVR and unimolecular decay.
A model consisting of a reactive separatrix together with several concentric partial barriers associated with periodic orbit approximants to cantori is used to model dissociation in the 2D van der Waals map for T = 8000. The phase space structures are shown in Fig. 8 . We assume that the measure of quasiperiodic phase space lying outside the central region is negligible. 1 aI + 1 = al,a,,a3,...,a,,l,1,1,...,j, [ (4.4) 1 a2 + ~ a3 + -.* terminating in an infinite sequence of 1's. The cantorus corresponding to a given irrational winding number may be approximated by a sequence of periodic orbits with rational winding numbers (p/q) obtained by truncation of the continued fraction expansion at successively higher levels.7 There are in general two periodic orbits associated with a given rational winding number; one is hyperbolic (unstable) , while the other is either elliptic (stable) or hyperbolic with reflection (unstable). 4o In practice it is useful to define the partial barrier by taking the union of segments of the stable and unstable manifolds of the hyperbolic points; the flux across this barrier is given by the area of the associated 2658 R. E. Gillilan and G. S. Ezra: Mappings for unimolecular fragmentation (4.5) Let N, (n) be the number of phase points in region jafter n iterations ofthe map, wherej = l,...,M labels the region. In the statistical (Markov) model for transport the populations evolve under the difference equations: Nib2 + 1) =N',Cn) +Pi-l,iNi-l(n) -(pg+1 +Pj.~-1)fVf(fZ)
where pdisf is the statistical probability of dissociation per iteration from the outermost region M. Numerical solution of this set of discrete evolution equations yields the population of bound complexes: 1,1,1,. .. ]=:8/53 influence behavior on longer time scales. Two of these bottlenecks are superimposed in Fig. 8 . The decay curves shown in Fig. 9 shows the excellent quality of the fit obtained for the resulting four-region model for the constrained uniform ensemble with T = 8000.
In general the phase space of a nonintegrable system contains an infinite number of cantorLm As more and more cantori are included in a kinetic model of the type described above, the underlying assumption of randomization within regions between uncorrelated barrier crossings becomes less and less useful. The model moreover ignores the influence of partial barriers leading to trapping around the infinite hierarchy of island chains. I3 Our results and those of others1' *'5,'7 show, however, that simple models involving a small number of cantori can give a reasonably accurate description of the decay kinetics for short to intermediate times. We note that in the context of unimolecular decay very long time scales are of limited physical interest due to quantum effects and the influence of external perturbations. 6. Four-dimensional mapping
Fragmentation dynamics
To study the fragmentation dynamics of the 4D van der Waals map, we select initial conditions at random from a quasiclassical ensemble@j corresponding to the ground vibrational state of both the van der Waals stretching and bending modes. A harmonic approximation is made for each mode. Within the harmonic approximation, and using the physical value of the barrier height B = 8.72X lo-', the ground state energy is calculated to be -20.65 cm-' with respect to infinitely separated He and I,, as compared to -20.63 cm -' for the theoretical ground state calculated for the full pairwise potential.46 With B = 4 X 10 -', the calculated ground state energy in the harmonic approximation is -21.16 cm -' . We also use an ensemble of initial conditions uniformly distributed in (r,p,.,y,p,, ), subject to the constraint H, (r,p,;y) < -E. We consider the potential with barrier height B = 4x 10 -5 a.u.
As for the 2D case, trajectories are defined to have dissociated whenever r > 20 a.u. and H, (r;p, ) > 0 [recall that the potential V( r,y) becomes independent as yas Y--P ry-) 1. Decay curves for the quasiclassical and uniform ensemble are shown in Fig. 10 for four values of T. The curves display the characteristic biexponential behavior found above in the 2D map (also noted by Gaspard and Rice3' ). Short-time decay rates extracted from decay curves for a number of T values are given in Table III. 2. Multidimensional phase space structure
In order to apply the Davis-Gray theory to the shorttime decay in the 4D map, it is first necessary to compute the stable and unstable manifolds W""(d") of the invariant manifold at infinity, .JY m. The manifolds Ws~U(ut'dm ) are of codimension one hi the 4D phase space, so that points on them may in principle be found by a one-dimensional search.
To visualize the manifolds W""(dm .-"Fraction of complex region occupied by quasi-invariant set, estimated from the fraction of trajectories in the uniform ensemble undissociated after T, = 10' atomic units.
h Volume of complex region enclosed by dynamical defined separatrix minus volume of quasi-invariant set. 'Volume of lobe. 'Volume of complex region enclosed by zeroth-order separatrix. 'Phase volume passing out of zeroth-order separatrix per iteration of map. 'Short-time probability of escape per iteration for constrained uniform ensemble. *Short-time escape probability per iteration for ground state quasiclassical ensemble. objects embedded in a 4D space, we examine a series of 2D sections through the phase space, defined by fixing the values of the variables ( y,pu ). The problem is then to find points (#,pf) at fixed ("/itpk) that lie on V"(J">, i.e., that satisfy Hi-[R "(dpt,Yi,p:)] -,O (4.8) as 12 --+ CO (stable) or II -) -OD (unstable), where R n represents n-fold iteration of the initial point under the symplectic map. Details of the algorithm used to find such points are given in the Appendix. Points on the homoclinic intersection manifold must satisfy the condition Eq. (4.8) for n -, CO and n-t -~0,~~ and so must be found by a 2D search at fixed ( y,pr 1 (cf. Appendix 1.
A series of 2D (r,~, ) sections through the 4D phase space for T = 8000 is shown in Fig. Il . Recall that the phase FIG. 11 . Series of 2D (r,p,) sections of the 3D manifolds W~"(.,N~) embedded in 4D phase space for T = 8000 and B = 4~ 10 -5. The numbers in parentheses give the (y,py) values of the particular sections in units of (7r/2,771/7'). It can be seen that the manifolds Wc"(,H*) enclose a 4D complex region.
space is doubly periodic, of period v in y and period Apv = n-I/T in p,,. The intersection of the manifolds W""(.M" ) with each section is in general one-dimensional. In the uncoupled case (LX = 0, no barrier to internal rotation), Fig. 11 would consist of a set of 2D sections, each identical with Fig. 4 . The 4D complex region and turnstile would then be direct products of the corresponding objects for the 2D map with the two-dimensional ( y,p,,) space. The 2D sections of Fig. 11 show the influence of coupling between the van der Waals stretch and bending modes (nonzero CL, B = 4 X 10 -' ) on this zero-order picture. It is apparent that for these parameter values the structure of the 4D complex region and associated turnstile formed by W""(J'm) is topologically identical with the uncoupled case. The 30 stable and unstable manifolds W""(J '") intersect so as to enclose the complex region precisely as in the uncoupled case, and each of the 2D sections in Fig. 11 is deformable onto the 2D picture of Fig. 4 . As discussed in Sec. III, a straightforward generalization of the pair of distinct primary homoclinic points of Fig. 4 to a multidimensional system is a pair of disjoint two-dimensional homoclinic intersection manifolds." The segments of the manifolds wS(dLQ) and W"(,k'") shown in Fig. 11 intersect at two points in each of the 2D sections; each of these points is asymptotic in forward and reverse time to drn, and one point of every pair lies on each of the distinct intersection manifolds. Projections of these homoclinic intersection manifolds onto the (pr,pr ) plane are shown in Fig. 12 . Each intersection manifold is continuously deformable onto the invariant manifold LB (a 2 torus).26
It is important to note that the 2D slices shown in Fig. 11 are not invariant planes, as both y and pv will generally change under the mapping. Although a point starting inside the separatrix on a particular ('y,pI ) plane must eventually enter an outgoing lobe in order to dissociate, it will in general do so for values of ( y,pu ) different from the initial values. It also follows that the incoming and outgoing lobes on a particular ( y,p, ) plane need not have the same area; it is only necessary that the areas integrated over ( y,py ) be the same. 3. Statistical theory for short-time decay rate
In Sec. IV A, the Davis-Gray statistical theory for the short-time decay rate in the 2D map was calculated as a ratio of phase space areas (divided by the kicking period T) . Having established that the multidimensional turnstile exists in the4DvanderWaalsmapforB=4x10-5, T=8000-12 000 a.u., the natural generalization of the statistical expression to the 4D case is simply a ratio of the four-dimensional phase space volumes of the outgoing lobe and the complex region minus the invariant set (4.9) The required volumes are evaluated by multidimensional numerical quadrature. In principle, it should be possible to compute lobe volumes by evaluating an action-like flux two form on the homoclinic manifolds (cf. Ref. 7). To date, however, we have not been able to derive such a flux form. The numerical difficulties involved in implementing the multidimensional flux form formalismz8@ for continuous-time systems are discussed in Ref. 29.
The problem naturally breaks down into a two-dimensional integration over ( y,pr ) of two-dimensional areas in the (r,p,) planes. For each pair ( y,pr ), the points on W*U(J'oo) obtained in the separatrix calculation are sufficiently close together that the simple trapezoid formula Table III , and the decay curves predicted by the Davis-Gray theory are included in Fig. 10 . Table III shows that the statistical rates based on a single intermolecular bottleneck are overall in very good agreement with short-time decay rates extracted from decay curves for the constrained uniform ensemble. As in the 2D map, the decay rates for the quasiclassical ensemble are considerably smaller than either the uniform ensemble or statistical theory values. There is however no anomalous dip in the rate at T = 11 000, and all rates increase monotonically with T.
The logarithm of the four-dimensional turnstile volumes for B = 4x 10e5 a.u. are plotted vs l/T in Fig. 13 . The nearly linear plot shows that the turnstile volumes approximately obey the same scaling relation as that found by Tersigni, Gaspard, and Rice in the case of a 2D map" p(L) ccc -"? (4.11) We have also applied the discrete mapping version of the alternative RRKM theory to estimate the short-time decay rate in the 4D map, with the zero-order separatrix taken to be the three-dimensional surface defined by the condition H,(r,p,;y) = 0. Figure 14 gives a series of 2D (r,p,) sections through the 4D phase space showing the zero-order separatrix. To calculate the alternative RRKM decay rate, it is necessary to compute the four-dimensional outgoing phase space volume enclosed between the approximate separatrix and its iterate under the van der Waals map, and to take the ratio of this volume to that of the complex region minus the invariant set [cf. Eq. pair (y,p,,) have preimages on the zero-order separatrix with (in general) d@rent ( y,p,) coordinates. The details of the procedure used to find points on the iterated separatrix with specified (y,p,, ) coordiri&tes are discussed in the Appendix. The 4D volumes needed for the calculation of the alternative RRKM rate are computed using the same numerical quadrature method discussed above in connection with the Davis-Gray statistical rate.
Alternative RRKM escape probabilities for the 4D van der Waals map are shown in Table III . The level of agreement with the numerical results for the uniform ensemble is comparable to that for the 2D map; that is, within a factor of 2-5. Ratios of the alternative RRKM escape probabilities to the Davis-Gray statistical values for the 4D map are shown in Fig. 7 , and are seen to be very similar to those for the 2D case.
To obtain a more accurate description of the decay at longer times, multistate statistical models incorporating intramolecular bottlenecks in the 4D phase space must be developed. Trajectory studies suggest that bottlenecks associated with pairwise irrational frequency ratios are important in three-mode systems,23-25 so that it would be useful to be able to define intramolecular bottlenecks associated with particular pairwise frequency ratios to provide a rigorous test of this idea. A natural generalization to the 4D map of the (unstable) periodic orbit approximant to a cantors in the 2D map would be a 2D NHIM A,,, associated with a pairwise resonance condition Eq. (3.6). The stable and unstable manifolds of J,,, would be three-dimensional, and segments thereof could be used to define a 3D dividing surface in 4D phase space representing the multidimensional generalization of the partial barrier associated with a periodic orbit approximant to a cantorus. The major technical obstacle currently preventing implementation of this scheme is the lack of an algorithm for computation of arbitrary NHIMs. however, the stable and unstable manifolds no longer intersect at the lower left-hand corner of the (r,p,) section. This phenomenon precludes the construction of space-enclosing turnstiles.
Nonexistence of turnstiles
All results up to this point have been presented for the 4D van der Waals map corresponding to a potential with barrier height B = 4.0X 10 -', approximately one half the physical value. 46 To show what happ ens when the barrier height (and hence the strength of the stretch-bend coupling) increases, we display in Fig. 15 a sequence of 2D (r,p,> sections at the same (y,p,) point for increasing B values: 2.5X10m5 [ Fig. 15(a) ]; 4.0X lo-' [ Fig. 15(b) ]; 5.5~10~~ [ Fig. 15(c) ].ForB= 5.5X10-",thestableand unstable manifolds of -&', no longer intersect in the same manner as the manifolds for smaller B values. On the other hand, sections at different (y,pr) points (not shown here) for B = 5.5 X lo-' are of the same form as those for smaller B values. The fact that the 2D section of Fig. 15 (c) is qualitatively different from that of Fig. 15 (a) , whereas 2D sections taken at different values of (y,pr ) for the same B value (5.5 X lo-" ) are similar to Fig. 15(a) , means that for this value of B 40 volume enclosing turnstiles no longer exist.
We refer to the transition shown in Figs. 15 (a)-1 5 (c) as a passage through homoclinic tangency, by analogy with the corresponding phenomenon in area-preserving maps." Prior to the appearance of a homoclinic tangency in the 4D phase space, there exist two disjoint 2D primary homoclinic intersection manifolds, each smoothly deformable onto 4 m (as discussed above, cf. Fig. 12 ). At the B value at which homoclinic tangency first occurs, the two intersection manifolds have a single common point. That is, there is a single ( y,pr ) point at which the area of one of the turnstile lobes in the (r,pr) section shrinks to zero. For larger B values, the two previously disjoint intersection manifolds merge. This fundamental change in topology was predicted by Wiggins2b and observed by us in a study of transport in coupled standard maps.65 After the appearance of homoclinic tangency, the homoclinic manifold is no longer homotopic to the NHIM V&.26 Although a full mathematical analysis of such changes in topology of the homoclinic manifold has yet to be given, it is apparent that the onset of homoclinic tangency precludes the complete enclosure of a 4D complex region by W'(&") and WU(y&"), and prevents a straightforward generalization of turnstile-based transport theories. Figure  16 illustrates the essential difficulty preventing enclosure of a 4D complex region when homoclinic tangency occurs. It is possible to find continuous paths in 4D phase space (note: not orbits under the map) connecting points nominally "outside" (lower left of Fig. 16 ) the complex region to points "inside" (top left of Fig. 16 ), which cross neither the stable nor the unstable manifold of ,ti m. The fact that all lobes are generated by forward or backward iteration of the primary lobes implies that any lobe may be reached from any other without crossing the separatrix branches.
As shown by Davis in his study of the collinear H + H, reaction," several unstable fixed points may be involved in the definition of a complex region, depending on energy. Our results on the 4D vau der Waals map do not rule out the existence of turnstiles associated with some other nontrivial NHIM, or the possibility that such turnstiles might be important in unimolecular dissociation. Investigation of this possibility will, however, have to await the development of more general algorithms for computing NHIMs. Figure 17 shows the location of the boundaries in parameter space between the region in which 4D turnstiles are well defined and that in which they are not. The trends in parameter values at which tangency first occurs may be readily understood. Qualitatively, factors which tend to decrease the size of turnstile lobes in the (r,p,) plane sections also make it easier for homoclinic tangency to occur. For example, as the mass m of the adatom is increased from that of helium, the van der Waals stretch and bend frequencies decrease, resulting in weaker coupling (better adiabatic separation) to the I, kick (smaller lobes), so that homoclinic tangency occurs at smaller B values [ Fig. 17 (a) Although the onset of homoclinic tangency prevents implementation of the Davis-Gray statistical theory based on dynamically determined separatrices and turnstiles, the alternative RRKM theory may still be applied. Table IV compares alternative RRKM short-time decay rates with numerical rates calculated for T = 8000 and a series of B values spanning a range in which passage through homoclinic tangency occurs. It can be seen that there is no significant change in the level of agreement between the numerical results and the alternative RRKM results over the full range of B.
Interestingly, examination of (r,p, ) sections (not shown) through the zero-order separatrix and its iterate for a B value at which homoclinic tangency occurs shows that the number of ingoing and outgoing lobes changes as the (y,py ) coordinates vary, so that the change in topology of the intersection set discussed above is reflected in the behavior of the zero-order separatrix under iteration of the map.
V. DISCUSSION AND CONCLUSIONS
Hamiltonian or symplectic mappings' provide a computationally efficient means of studying the phase space structure of multidimensional systems. For example, a four-dimensional symplectic map is a very convenient substitute for the PoincarC return map in the four-dimensional surface of section obtained by integrating trajectories in a three-mode continuous time molecular Hamiltonian. In the present paper, we have studied a four-dimensional Hamiltonian map modeling vibrational predissociation of the van der Waals molecule He& Our primary aim has been to generalize the Davis-Gray statistical theory of unimolecular dissociation" to systems with more than two degrees of freedom We began by pointing out the close relation between symplectic maps and symplectic trajectory integrators.* As the kick period T tends to zero, a symplectic map generates approximate trajectories for a continuous time system with a number of degree of freedom equal to half the dimension of the map phase space (the relation between the discrete map dynamics and that of the corresponding continuous time system will be discussed in more detail elsewhere "' ) . A 4D van der Waals map was then derived starting from the full Hamiltonian for planar He-I,. The classical centrifugal sudden approximation'5 was invoked, and the continuous oscillation of the I, bond replaced by a S-function kick acting upon the van der Waals stretch and bend degrees of freedom. After a review of the phase space theory of unimolecular decay in two degree of freedom systems due to Davis and Gray, ' ' the theory of transport in multidimensional systems recently developed by WigginsZb was outlined. Wiggins' theory provides a rigorous extension of turnstile-based approaches to phase space transport7*50'51 to multimode problems, and enables the Davis-Gray statistical theory to be generalized to multidimensional systems. An essential element of Wiggins' approach is the observation that the multidimensional analog of an unstable periodic orbit in a two degree of freedom system is a so-called codimension-two normally hyperbolic invariant manifold,27~58 denoted J?. These manifolds have appeared previously in various guises in the chemical physics literature: families of quasiperiodic orbits embedded in the continuum;59'60 "center manifolds ""' (cf. also Refs. 28, 29, 62, and 64) ; reduced dimensionality torib The stable and unstable manifolds of an invariant manifold J' are of dimension one less than the energy shell, and so have the correct dimensionality to act as components of the boundary of a phase space region.
In preparation for our study of the full 4D map, we first examined the dissociation dynamics in a 2D area-preserving mapping acting upon the invariant subspace corresponding to the T-shape van der Waals complex. Significant ensemble dependence of unimolecular decay curves was noted, with the quasiclassical ensemble for the ground state of the van der Waals stretch mode decaying much more slowly than an ensemble of initial conditions uniformly 'distributed throughout the complex region. Following the methods of Refs. 11 and 15, kinetic schemes were developed for vibrational predissociation on short to intermediate time scales, which incorporated both intermolecular (reactive separatrix) and intramolecular (periodic orbit approximants to cantor-i) bottlenecks. The Davis-Gray statistical prediction for the short-time decay rate using a single intermolecular bottleneck gave on the whole good agreement with exact numerical results for the uniform ensemble. An anomaly was however apparent at T = 11 000, and was ascribed to a 4: 1 resonance at the central fixed point. A four-state kinetic scheme incorporating three intramolecular bottlenecks gave excellent agreement with the exact numerical decay curve for short to intermediate times. In addition to applying the Davis-Gray theory based on dynamically determined separatrices and turnstiles, the discrete map analog of the alternative RRKM approach of Gray, Rice, and Davis" was also used to predict short-time decay rates for the 2D map. The resulting estimates for the decay constant were a factor of 2-5 larger than the Davis-Gray results, with better agreement obtained at larger T values.
We next studied the 4D van der Waals map. As for the 2D case, numerical simulation results showed marked differences between the decay behavior of the uniform and the quasiclassical ensembles. For a 4D map with a dissociative J. Chem. Phys., Vol. 94, No. 4, 15 February 1991 coordinate, such as that investigated here, the relevant codimension-two invariant manifold at infinity, ,drn, may be identified by inspection. Moreover, points on the three-dimensional stable and unstable manifolds W'+ (-4 m ) may be found relatively easily, as shown in Sec. IV. For physically reasonable parameter values, the manifolds W"'(JY~) were found to intersect in the 4D phase space in such a way as to enclose a well-defined four-dimensional complex region. In this case the multidimensional analogs of turnstiles exist and mediate transport in and out of the complex region, Le., complex formation and unimolecular decay.
The Davis-Gray estimate of the escape probability per iteration of the 4D van der Waals map was obtained by taking the ratio of the 4D volume of the outgoing turnstile lobe to that of the complex region (after subtracting the volume of the invariant set from the latter). This simple statistical theory was found to give very good agreement with numerically determined short-time decay rates for uniform ensembles, The discrete map version of the alternative RRKM theory was also applied to estimate short-time decay rates, and was found to give a level of agreement with the Davis-Gray theory comparable to that obtained for the 2D map (that is, within a factor of 2-5) .,.
Although we have therefore shown that it is possible to generalize the Davis-Gray theory to obtain accurate estimates of short-time decay rates in a 4D map modeling van der Waals predissociation, some fundamental and as yet unsolved problems have become apparent from our study.
First of all, it would be very useful to be able to improve the description of transport and escape in the 4D map by including the effects of intramolecular bottlenecks, whose existence is inferred from the characteristic biexpoential decay seen on intermediate time scales. Trajectory studies suggest that in some systems i.mportant intramolecular bottlenecks may be associated with pairwise frequency incommensurabilities,23-25 in which case the associated partial barrier should be defined in a manner analogous to the procedure used in two degree of freedom systems.771s.40 In that case, codimension-two normally hyperbolic invariant manifolds J,,, must be found corresponding to the single resonance condition m associated with a rational approximation to the particular irrational pairwise frequency ratio defining the bottleneck. A 4D region may then be enclosed by segments of the stable and unstable manifolds W ""(.&,) , and the flux determined by evaluating the volume of the associated turnstile. Although straightforward in principle, we have been unable to implement this procedure due to the lack of an algorithm for finding invariant manifolds -4,.
A second, more fundamental problem arises from the fact that, even for physically reasonable parameter values, 40 turnstiles may simply not exist. Thus, for the 4D He-I, map we found that there exists a critical barrier height for hindered internal rotation above which turnstiles mediating transport across the reactive separatrix are no longer well defined. As discussed in detail in Sec. IV, there is an abrupt change in the topology of the intersection set of the manifolds ?Y%"(Y/im) at the parameter value at which the turnstiles cease to be well defined, brought about by passage through homoclinic tangency. The failure of the manifolds W4u(ygm ) to enclose a four-dimensional phase space volume means that the turnstile-based Davis-Gray theory for the rate of transport across the reactive separatrix is no longer applicable. Although the full ramifications of the passage through homoclinic tangency remain to be explored, our results do indicate the need for development of new methods. As noted above, general algorithms for computation of normally hyperbolic invariant manifolds are required, in order to investigate the possibility that turnstiles associated with invariant manifolds other than Ode exist and are important in transport. In addition, it remains to be seen whether periodic orbit based theories of asymptotic escape rates69p70 can be extended to multidimensional systems.
Even for parameter values where turnstiles do not exist, the alternative RRKM theory may still be applied. Our calculations show that there is no drastic change in the level of agreement between the alternative RRKM rate and the numerically determined escape rate when turnstiles cease to exist.
The methods developed here require less human effort than those of Ref. 29, and may be applied to study the phase space structure of continuous-time systems in which there are invariant three-sphere$' determined by symmetry. Direct numerical integration of the volume of a four-dimensional phase space region for the 4D van der Waals map requires on the order of lo7 mapping iterations (several hours of CPU time on a Sun 4 workstation), so that application of these techniques to continuous-time systems, although computationally intensive, should be within the capability of current computing technology. In the three-dimensional surface diffusion problem, Gillilan2' has used a more economical but less accurate method based upon Monte Carlo integration to calculate the 4D volume in the surface of section of a region mediating barrier recrossing.
In symmetric planar reactive scattering problems such as H + H, or I + HI, several codimension-two invariant manifolds may readily be identified by inspection. Thus, for H + H, at energies less than the triple dissociation threshold there are three different invariant manifolds at infinity, ,&" (i), i = 1,2,3, corresponding to the three distinct atom/ diatom subsystems. There are moreover three invariant manifolds &'c2, (i) associated with C,, symmetric configurations, which intersect in a one-dimensional subspace corresponding to symmetric stretch motion. The way in which the stable and unstable manifolds of these objects intersect and determine transport remains to be understood. Investigation of systems with significant reaction path curvature will undoubtedly lead to more complicated phase space structure than that found here (cf. Ref. 19 ). Understanding such structure remains one of the challenges of modern chemical dynamics.
Finally, we note that all our considerations have been limited to classical mechanics. Application of techniques for quantization of maps7' should provide insight into the classical-quantum correspondence for multimode systems. For example, it has been established for two-mode systems that quantum effects can suppress transport across a bottleneck with classical flux <h,'* and it is of interest to know whether analogous quantum effects occur in higher dimensions. (r,pr,y,py This algorithm is essentially the same as that for computing separatrix branches, but the calculations are naturally much faster.
Because the zero-order separatrix is not the variationally optimal dividing surface for this problem, the forward image is geometrically more complex and has larger oscillations than the corresponding dynamically determined separatrix. The coordinate system described previously leads to a multivalued representation i.n this case. To fix this problem, we have implemented a coordinate-independent method of computing the curves.
Let [r(i) withp small, will intersect the iterate of the zero-order separatrix at two points, denoted 8, and 8 _ , which may be found by one-dimensional root searches. One of these points, [ r( i + 1) ,p, (i + 1) 1, obtained with a particular choice of angle, may then be taken as the new center of the circle. In this way, it is possibIe to follow the image curve regardless of its complexity.
